Abstract. This study analyzes the fractal properties of the space distribution of stars in the solar neighborhood, based on the Geneva-Copenhagen Survey data. We demonstrate the existence of dynamically weakly coupled stochastic fractal structures in the circumsolar stellar medium. The number of such structures in the real stellar medium on 3 to 20 pc scales significantly exceeds the number of similar structures in the corresponding simulated random distributions. The total number of fractal structures depends on their characteristic size -the scale factor (M f ). We demonstrate that the structuredness of the stellar medium increases with the scale factor reaching its maximum around M f ∼ 18 pc and has a minimum around M f ∼ 5 pc. For M f = 5 pc, the number of fractal structures in the survey is equal to 688, while for M f = 18−20 pc the corresponding number exceeds 4000, which differs by more than three standard deviations from the mean fractal dimension D for random distributions. Practically, no structures are observed in random distributions in this domain of fractal dimensions. The proportion of fractal structures with [Fe/H] > 0 increases slowly with increasing scale factor and the number of such structures remains in the interval from 170 to 900. On the whole, the number of structures with [Fe/H] < 0 varies with scale factor in the same way as the total number of structures, and lies in the interval from 530 (M f = 5 pc) to 3200 (M f = 20 pc). Such significant differences between the fractal properties of the real stellar medium and its random simulations are due to peculiar "gravitational viscosity" of the gravitating medium. The results reported may play an important part in the study of structural properties and dynamic processes in the Galaxy and in the investigation of relaxation processes in particular.
INTRODUCTION
Analysis of the properties of cosmic structures is one of the most important fields in current Galactic studies. Particular attention is given to the solar neighborhood, where the available observational data is most complete and accurate. Modern high-precision surveys opened up new possibilities for studying the nearest stellar clusterings of various nature both in the configuration and velocity spaces. The distribution of stars in the solar neighborhood is known to be nonuniform practically throughout the entire range of observable scale lengths. Binary and multiple stars, open clusters and associations, Local supercluster, stellar streams, and moving clusters -all these are well-known examples of such irregularities.
At the same time, a comparison of the distribution of stars in the solar neighborhood in the space of Galactic Cartesian coordinates with the corresponding simulated random distribution reveals a number of other appreciable differences ( Fig. 1 ): the real distribution shows denser overall clustering, more pronounced density fluctuations, and other dissimilarities.
Even greater differences can be seen in the velocity space (Fig. 2) . Two main dissimilarities are evident from a comparison of the distribution of points in the left-and right-hand panels: a heavier concentration of points toward the coordinate origin and stronger clustering of points on various scale lengths in the real catalog compared to a simulated Schwarzschild distribution with the same velocity dispersion values. On the whole, the real stellar medium appears more "viscous" and structured than its random analog. The aim of this study is to investigate the quantitative properties of multiscale structuring of the stellar medium in the solar neighborhood. In this paper we explore these issues by computing the fractal properties of the stellar medium using the method of conditional mean density.
CONDITIONAL MEAN DENSITY AND FRACTAL DIMENSION
An analysis of a statistically representative set of points with uniformly distributed random coordinates in three-dimensional space (the right-hand panel of Fig. 1) shows that the pairwise distances are distributed according to a Poisson law. The mean density, which inside a small volume is a power-law function of the radius of the trial volume, depends only slightly on the chosen coordinates and the size of the elementary macroscopic volume (EMV).
Computations show that for real star samples the distribution of pairwise distances in volumes unaffected by selection (the left-hand panel of Fig. 1 ) differs from random distribution: the mean density is again a power-law function of the radius of the sphere inside which it is determined, but in this case it depends significantly on the position of the center of the sphere. The statistical parameters of the Poisson distribution also depend substantially on the position of the center of the sphere. In this regard it should be noted that the mean distribution of coordinates of a real star sample is indeterminate and depends significantly on the location where it is estimated and on the scale factor (the size of the EMV). Hence the hypothesis that dynamical processes in the Galaxy can be described in terms of the theory of purely random fluctuations with well-determined mean density does not appear to be so well founded. Hereafter we refer to density that depends on the position of the center of the spherical EMV and on its radius as the conditional mean density (CMD).
It is also important that, irrespective of what star we put at the center of the sphere, CMD always decreases with the distance from this star in accordance with a power law, and only the exponent of this power-law function can depend on the coordinates of the selected star. We illustrate this fact in Fig. 3 , where we show two typical plots of the dependence of density on the radius of the sphere centered on the stars HD 1273 and HD 35. As is evident from Fig. 3 , the distributions follow a power law very accurately, but at the same time they differ significantly for the two randomly picked cases.
G. de Vaucouleurs (1970) found similar dependencies when studying the distribution of galaxies. He concluded that "All observers, wherever located (but within the hierarchy), will find that the average density decreases with the distance from the observer". However, an observer located outside the hierarchy (in a cavity) sees no such dependence of density on distance. Thus, de Vaucouleurs explained power-law dependencies similar to those shown in Fig. 3 by the presence of a hierarchical structure in the medium considered. No other explanations have been proposed for the observational fact discovered by de Vaucouleurs, who showed that such a medium is, in a sense, uniform, because any two sufficiently large spheres of equal volume contain, on the average, the same mass.
The ideas of de Vaucouleurs were further developed and substantially generalized by Mandelbrot (1977 Mandelbrot ( , 1987 . He introduced the concept of self-affine fractal sets to generalize the concept of strict self-similarity (found in all classical mathematical fractals) and strict hierarchical schemes to the domain of random distributions and stochastic processes. In these concepts the scale invariance of the hierarchy is a result of stochastic self-similarity: random structures on different scales are stochastically self-similar. This mathematical concept made it possible to develop a number of simple and efficient mathematical tools for the fractal analysis of a wide range of natural structures. One of such tools is the well-known mass-radius relation (see, e.g., Feder 1989). Pietronero (1987) was the first to generalize this method for the analysis of the space distribution of galaxies. This method was also widely and efficiently used in many other extragalactic studies. Here we use this method to identify and analyze possible fractal structures in the circumsolar stellar medium.
Stellar structures stand out among the overall stellar background by their higher stellar density in the coordinate space or higher density of their representative points in the velocity space. Correlation analysis is therefore the main technique used for quantitative identification of such structures. The correlation integral can be written in the following form:
Here N is the number of points, ⃗ X i and ⃗ X j are the vectors of the positions of points i, j; r is the interval between the pair of points, and η is the Heaviside function (the function of the membership of points in a given interval). The integral C(r) determines the fraction of pairs of points with mutual distances not greater than r.
In the spectrum of multifractal Renyi dimensions, correlation integral (1) determines the so-called Renyi's correlation fractal dimension D 2 :
if the limit in equation (2) exists (see, e.g., Chumak 2012).
In practice, simplified formulas for the correlation functions are often used instead of rigorous definitions (1) and (2), e.g.,
Here, the angular brackets mean averaging over volume, and the denominator is equal to some constant average density that is independent of r. If ξ(r) ̸ = 0, then there should be correlations in the interval from 0 to r. If ξ(r) = 0, we are dealing with a purely Poisson (uncorrelated) distribution. Some authors call the exponent of the power-law dependence ξ(r) the fractal dimension, what is not exactly correct (see, e.g., Bottaccio et al. 2004 ). The exponent in dependence ξ(r) cannot be viewed as Renyi's dimension D 2 , because its definition (3) postulates the existence of constant average density and does not involve passing to limit (2). This does not mean that structures identified using equation (3) are not real, but they are not fractal structures in the strict sense, because they are not stochastically scale invariant (stochastically hierarchical). At the same time, it should be pointed out that such structures may be nodes of more extended fractal structures at various scales. In practical applications, fractal dimension is usually supposed to mean the Hausdorff dimension (D 0 ) in the spectrum of Renyi dimensions, which is defined in a different way and characterizes other properties of the medium, namely, how stochastically self-similar structures fill their containing region and how much the medium is structured, i.e., differs from a uniform medium on the scales considered. That is why it is often referred to as structural dimension. This dimension is an important characteristic of any medium or object, and it is most often used in practice. In this study we also deal with Hausdorff fractal dimension and hereafter denote it as D without a subscript. Depending on a particular task, different methods can be used to determine it. Hausdorff dimension can be estimated using the standard box algorithm procedure, as it is usually done in the computations of multifractal spectra. However, in practice, this dimension is determined using such procedures as constructing the mass-radius, area-volume, or perimeter-area relations. In this study we use the version of the mass-radius procedure proposed by Pietronero (1987) . Let N (r) = Ar D (4) be the number of stars inside a sphere of radius r, and the density corresponding to this mass distribution is equal to
Here, as is evident from formula (5), n(r) is equal to the average density of the medium inside the sphere of radius r. In the case of continuous medium we have D = 3, and the density is constant and does not depend on the radius r of the sphere. In the case of a point at the center (r = 0), D = 0 and, consequently, n(r) ∼ r −3 , which can also be understood from the physical point of view. Thus, for real natural media, the corresponding dimension should be in the interval from zero to three.
Gravitating media have two distinguished dimensions: D = 1 and D = 2. The former (D = 1) corresponds to the development of a hierarchy of gravitating structures (galaxies, star clusters, and stars) via the Jeans instability in the gaseous cloud as a result of its cooling (Hoyle 1953) . Hierarchical clusterization may also occur in a system of N gravitating points (Chumak 1967; Chumak & Ivanovskii 1990; Bottaccio et al. 2001 Bottaccio et al. , 2002a . In the paper by Chumak (1967) it was shown that the formation of such structures may start from random multiscale density fluctuations that are initially present in the stellar medium and generate unstable systems in state 1* according to the classification of Agekyan (1964) . Further fate and time scale of these loose structures depend on how quickly fast stars escape their volume. Agekyan (1964) showed that relative stabilization of such systems is possible if the initial density fluctuation satisfies the inequality:
and that the presence of even small quantities of diffuse matter contributes to the transition of such systems into a stable state. Here, U and E are the potential and kinetic energy of the forming system, respectively. Clusterization of gravitating point masses was studied via direct numerical simulations by Chumak & Ivanovskii (1990) and, in more detail, by Bottaccio et al. (2001 Bottaccio et al. ( , 2002a . Chumak & Ivanovskii (1990) showed that fluctuations with the populations ranging from several to several tens of stars may produce more or less long-lived groups as a result of the escape of a few fast stars. The evolution of fluctuations containing from several tens to several hundred stars resulted not only in the escape of fast stars, but also in the formation of two or more unstable groups. Pietronero & Sylos Labini (2006) showed that, in an N -body system that simulates a medium consisting of galaxies, the structures first to develop (when density is still uniform) are those having dimension D ∼ 1 (Hoyle hierarchies). Structures in the medium consisting of galaxies then evolve approaching the fractal law with D ≈ 2. This second distinguished dimension (D = 2) corresponds to the situation where the mass of the fractal structure is proportional to its radius squared: M (r) ∼ r 2 . However, the force of gravity decreases as r −2 and, therefore, certain equilibrium is reached at each radius r. If D > 2, gravity dominates, and the number, extent, and population of fractal structures increase in the medium and structures themselves tend to become isolated. In the D < 2 case, the system is dominated by multiscale structures with various lifetimes depending on the initial virial ratio −U/E, i.e., the medium of material points develops a certain unstable coarse-grained gravity-driven structure.
FRACTAL PROPERTIES OF THE STELLAR MEDIUM IN THE SOLAR NEIGHBORHOOD
As is well known (see, e.g., Schreder 1991), purely random space distributions of points like, e.g., positions of a particle in the case of Brownian motion, are stochastically scale invariant. This is immediately apparent in the right-hand panels in Figs. 1 and 2 . Therefore our analysis of fractal properties of the stellar medium in the solar neighborhood is based on a quantitative comparison of the fractal properties of real distributions from the Geneva-Copenhagen Survey (GCS) data (Nordström et al. 2004; Holmberg et al. 2009 ) with those of random distributions of coordinates and velocities.
The GCS sample of F-G type dwarfs can be considered as representing only a part of the entire circumsolar stellar populations. At the same time, F-G type dwarfs are known to be good representatives of disk populations because their ages range from relatively young to very old. Their space distribution and kinematic properties have been used in many studies of Galactic dynamics. We are sure that fractal properties of this sample are also typical of the population in the solar neighborhood of the Galactic disk.
Note that the number of points and the average density of the entire sample for random distributions are set equal to the corresponding values obtained from real distributions. We then construct for each point of these distributions the dependence log N (r) ∝ D · log(r) and, for control purposes, the dependence log n(r) ∝ (D − 3) · log(r). These dependencies are linear and their slopes yield the values of D and (D − 3), respectively. Figure 4 shows, by way of example, the plots log n(r) ∝ (D − 3) · log(r) for the neighborhoods of the same two stars, HD 1273 and HD 35, as in Fig. 3 . A power law can be seen to hold very accurately: the statistical significance (R 2 ) of the linear fit to the dependence is close to unity. We give the equations of lines in the corresponding plots. The first parameter in the equation corresponds to D − 3.
As a result of computations, we obtained one-dimensional arrays of fractal dimensions D for the real space distribution and fractal dimensions RD for the corresponding random distributions. Fig. 5 shows, by way of example, the space distribution of stars in Galactic Cartesian coordinates (X, Y, Z) within the 50 pc offset from the Sun along each coordinate. The red and blue asterisks represent stars in whose vicinity M f = 8 and D > mean D +3σ RD , and small dots represent all other catalog stars. As we already pointed out above, the fractal dimension D characterizes the degree of the clusterization of the medium on various scales, i.e., the degree of isolatedness of parts of the medium for a certain scale factor. Thus the red and blue asterisks in Fig. 5 mark the locations with the most pronounced density gradients.
The statistical parameters of arrays of dimensions D are determined unambiguously. We determined the same parameters for the random array RD by repeated simulations of random distributions and by adopting the average values for all parameters. The deviations from the mean values usually did not exceed several units of the third or fourth decimal place (depending on the parameter). Table 1 allows us to make the following conclusions. It is evident from the first row that the maximum fractal dimensions for the real space distribution of stars are greater than 2 (D > 2) and remain approximately the same on all scales from 20 to 3 pc. This result shows that a certain number of growing unstable structures may exist on all these scales. On the other hand, all maximum values for random distributions are smaller than 2 (RD < 2) and are therefore smaller than the corresponding D values for the real distribution. Note that, in the range of scale lengths considered, RD linearly increases with M f (see Fig. 6 ). On the whole, it can be concluded that gravity significantly enhances the fractal clusterization of the medium on all scale lengths considered.
It is evident from the second row of Table 1 that minimum fractal dimensions of the real stellar medium are equal to zero on any scales. This means that whatever the scale is considered, there is at least one star whose distance to the nearest neighbor is greater than this scale. As is evident from the same row, this is also true for the random distribution, but only for scale factors M f < 15 pc. This means that for random space distributions simulating the solar neighborhood the maximum distance to the nearest neighbor lies in the interval from 12 to 15 pc. This result should be borne in mind when using the Holtsmark distribution for the solar neighborhood.
The third row in Table 1 gives the mean fractal dimensions for the real space distribution (D) and its random simulations (RD). They differ little from each other throughout the scale interval considered and linearly increase with M f (Fig. 7) . This means, in particular, that random simulations represent adequately As is evident from the data in Table 1 and Fig. 8 , the standard deviations in D arrays (σ D ) exceed significantly those of random distributions (σ RD ) on all scales, and this fact is indicative of more pronounced structural complexity of the real medium compared to its random analogs. As can be seen from Fig. 8 , variations of standard deviation with scale factor M f for the real distribution are constrained to the interval from 0.2 to 0.5 on the scales considered. This dependence can be rather accurately (R 2 = 0.998) fitted by a second-order polynomial (the trend equation is written in the figure). The standard deviation for random distributions on the same scales varies from 0.1 to 0.2. This result also suggests that gravity significantly enhances the fractal clusterization of the medium on all scales considered.
The fifth, sixth, and seventh rows of Table 1 Here it is worth emphasizing that on all the scales considered the number N g (real distribution) significantly exceeds RN g, the number of random fluctuations, which barely exceeds zero (see the table). This result also corroborates the previous conclusions that the real stellar medium is more structured than its random analogs. Fig. 9 shows the data from rows 5, 6, and 7 of the table. All three dependencies can be very accurately (R 2 = 0.998) fitted by third-order polynomials.
It is evident from Fig. 9 that the structuredness of the stellar medium increases with increasing scale factor and reaches its maximum around M f ∼ 18 pc and has a minimum around M f ∼ 5 pc. Thus, the stellar medium in the solar neighborhood is maximally structured on scales ranging from ∼ 15 pc to ∼ 21 pc. As is evident from Table 1 the proportion of the total number of stars with the corresponding parameters. This result shows that stochastic fractal structurization is probably determined mostly by purely gravitational forces and depends little on the age of the stellar population. Fig. 10 shows yet another example of a spatial distribution (top left panel), its projection onto the principal planes of the Galactic Cartesian coordinate system (the other three panels), and the corresponding positions of fractal clusters N b and N r. The scale factor is M f = 5 pc and D > mean D + 2σ RD . The Hyades cluster region shows up quite conspicuously in all four panels. Also apparent are a number of other clusters of various shapes and extents. Unfortunately, the static image and its coordinate-plane projections do not give a clear idea of stochastic space structures. However, when rotated in Matlab, the three-dimensional im- age shows extended gravitational clusters and voids more clearly. Each of the subsystems, N b and N r, forms its own fractal network, which are sort of interleaved. All these structures deviate by more than two or three standard deviations in terms of parameter D from the random space simulations of the circumstellar neighborhood.
CONCLUSIONS
Computing the Hausdorff dimensions of the distribution of stellar density in the vicinity of each star of the Geneva-Copenhagen catalog allowed us to reveal significant differences between the sets of fractal dimensions of the catalog and its random simulations. This result shows that the stellar medium in the solar neighborhood is more structured and forms multiscale stochastic self-similar complexes of various densities, various degrees of connectivity, and various lifetimes. Some of these non-rigidly connected density fluctuations are associated with open clusters, while others bear no relation to these groups. Those fluctuations that are associated with clusters may resemble extended coronas of the latter, however, they differ fundamentally from classical coronas of open clusters. These dynamic formations and their population may bear no genetic relationship to clusters and are not entirely the result of evaporative evolution of clusters. The stellar medium in the solar neighborhood exhibits a well-defined coarse-grained structure. This means that the stellar medium has a certain gravitational viscosity and it can be better described in terms of special hydrodynamics equations incorporating this effect, which should also be used to construct the appropriate models of stellar systems (see, e.g., Kuzmin & Chumak 1979) . Separable kinetic models and nondissipative hydrodynamic models of stellar systems should therefore be viewed only as a first approximation.
The model of infinite uniform medium of constant density, underlying the classical relaxation theory, should also be viewed only as a first approximation. The real stellar medium has the form of a hierarchy of loosely associated stochastic fractal structures and, like in the case of any hierarchy, an average density depends on the size of the region inside which it is determined (conditional average density). Relaxation theory has not yet been developed for such media. Our estimates show that the relaxation time for this medium may be shorter compared to that of simulated uniform medium. Stellar complexes with [Fe/H] < 0 and [Fe/H] > 0 form stochastically similar distributions. We found no significant structural differences between the distributions of these fractal structures as a function of the sign of [Fe/H] . The lack of any pronounced subsystems of the stellar population in terms of this parameter may be due to the fact that fractal properties of the stellar medium determined in this study are of purely fluctuational and gravitational rather than genetic nature. These newly revealed and hitherto unexplored stochastic spatial structures in the solar neighborhood require further study.
